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Abstract. It has been long believed that wave and particle cannot be superposed. Recently, how-
ever, modern quantum techniques have allowed one to prepare photon wave-particle superposi-
tions experimentally. In this work, we suggest simple setups, which resort to neither any extra
quantum resources nor controlled-Hadamard gates, to observe such superpositions as well as
entanglement-separability superpositions with tunable entanglement degree. The suggested se-
tups can also serve as an interaction-free method to detect partially absorbing objects.
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I. INTRODUCTION
The microworld is governed by quantum mechanics which has been built on a set of pos-
tulates and principles. One of the most important principles is the complementarity principle
conceived by Niels Bohr [1]. According to that principle, quantum states inherently possess com-
plementary features which cannot be exposed simultaneously in one and the same experimental
setup. Wave-like and particle-like nature are two such complementary properties of micro-objects.
For instance, to observe a photon as a particle a device sketched in Fig. 1a is employed. A pho-
ton injected into path a will be registered by either photodetector Dc or photodetector Dd with an
equal probability of 1/2, no mater what is the value of the phase shift ϕ . A click by Dc (Dd)
reveals the path a→ c (b→ d) gone by the photon which must have been a particle. If a second
balanced beam-splitter is placed as shown in Fig. 1b, then a click by Dc or by Dd may be equally
triggered by the photon traveling along path a→ c or path b→ d. That is, the photon’s which-path
information is erased by the second balanced beam-splitter and the probability that Dc (Dd) clicks
depends explicitly on ϕ, revealing the photon as a wave.
c©2016 Vietnam Academy of Science and Technology
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Mystery is the fact that the photon’s behavior turns out qualitatively different depending
on which experimental setup (as in Fig. 1a or in Fig. 1b) is to be used to detect it! Albert
Einstein disliked this counterintuitive phenomenon. Together with others he assumed that there
must exist a kind of variable objectively hidden in the photon state that allows the photon before
hitting the first balanced beam-splitter to “sense” the presence or absence of a second balanced
beam-splitter in order to “decide” its behavior correspondingly. Later John Archibald Wheeler
proposed gedanken experiments [2] in which random placement of the second balanced beam-
splitter is delayed until after the photon had already passed through the first balanced beam-splitter.
Several real experiments were successfully carried out in Wheeler’s spirit (see, e.g., [3–5] and
references therein), all of which supported the wave-particle complementarity. The hidden variable
interpretation of Albert Einstein was thus ruled out by Wheeler’s delayed-choice experiments.
A photon cannot show up as wave-like and particle-like at the same time because the setups
in Fig. 1a and Fig. 1b exclude each other. This conclusion is, nevertheless, subjected to suspection
when looking at the setups under the angle of quantum gates. Since a balanced beam-splitter acts
like a Hadamard gate, Fig. 1a can operationally be replaced by Fig. 1c and Fig. 1b by Fig. 1d.
Differently from Fig. 1c, Fig. 1d contains an additional Hadamard gate before the measurement
process at the end. If one prepares an ancillary photon in a superposed state α |0〉+ β |1〉 and
executes a controlled-Hadamard gate, followed by measuring both the photons (as seen in Fig.
1e), then wave and particle behavior can coexist simultaneously [6]. This original theoretical
idea was realized in a number of complicated experiments using various physical means [7–12].
However, in the above-cited experiments the quantum resource cost increases since an extra photon
is needed and, more seriously, a controlled-Hadamard gate is required. The latter requirement is
severe because this is a two-photon gate whose implementation is technically challenging.
In this paper, we suggest much simpler setups to simultaneously observe photonic wave-
like and particle-like nature. Our setups use only conventional optical devices readily available in
laboratories and neither ancillary photons nor controlled-Hadamard gates are required. The same
setups can also prepare entanglement-separability superpositions whose degree of entanglement is
adjustable by a variable parameter. In addition, our setups can serve as well as a method to detect
not only fully but also partially absorbing objects without in any way interacting with them. In
Section II we demonstrate how single- and two-photon wave-particle superpositions are generated
by our setups, while Section III addresses the same issue for two-photon entanglement-separability
superpositions. Conclusion is the final section.
II. WAVE-PARTICLE SUPERPOSITIONS
Our optical setups is schematically sketched in Fig. 1g. There are three inputs along paths
a, b, e and three outputs along paths c, d, e which will be recognized by photodetector Dc, Dd ,
De, respectively. Let us inject a single photon into path a but nothing into paths b and e. That is,
the input state has the form
|ψin〉= |100〉abe . (1)
First consider the case when X is nothing. After passing the first balanced beam-splitter
state |ψin〉 evolves to
|ψ1〉= 1√
2
(|10〉ab+ i |01〉ab) |0〉e . (2)
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Fig. 1. Schematic for the experimental setups. BBS denotes a balanced beam-splitter, PS
a phase-shifter, M a mirror, Dc(d,e) a photodetector, H a Hadamard gate, m a measurement
and X either nothing or a mirror or a general beam-splitter.
Since PS |n〉b = einϕ |n〉b and M |n〉b(a)= in |n〉d(c) , after the phase-shifter and the mirrors state |ψ1〉
is transformed to
|ψ2〉= 1√
2
(
i |10〉cd− eiϕ |01〉cd
) |0〉e . (3)
Then, after the second balanced beam-splitter, |ψ2〉 →
∣∣∣ψX=nothingout 〉 with
∣∣∣ψX=nothingout 〉= eiϕ/2 [sin(ϕ/2) |10〉cd− cos(ϕ/2) |01〉cd ] |0〉e . (4)
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The probabilities PX=nothingc , P
X=nothing
d and P
X=nothing
e that the photodetectors Dc, Dd and De click
are straightforwardly obtained from Eq. (4) as
PX=nothingc = sin
2(ϕ/2), (5)
PX=nothingd = cos
2(ϕ/2), (6)
PX=nothinge = 0, (7)
respectively. The explicit dependence of PX=nothingc and P
X=nothing
d on ϕ is brought in by the quan-
tum interference of the photon with itself at the second beam-splitter, i.e. the photon’s which-path
information (whether it traveled along path c or path d before being registered by a photodetector)
is not known. Most pronounced is the case when ϕ = 0 for which the outgoing photon always hits
the photodetector Dd and never hits Dc. This indicates the wave nature of the photon and we write∣∣∣ψX=nothingout 〉 as ∣∣∣ψX=nothingout 〉= |ψwave〉cd |0〉e , (8)
where
|ψwave〉cd = eiϕ/2 [sin(ϕ/2) |10〉cd− cos(ϕ/2) |01〉cd ] (9)
specifying the photon as a wave.
Next, consider the case when X is a mirror. Then, instead of
∣∣∣ψX=nothingout 〉 we have∣∣ψX=mirrorout 〉=−12eiϕ (i |10〉cd + |01〉cd) |0〉e+ i√2 |00〉cd |1〉e , (10)
from which it immediately follows
PX=mirrorc = P
X=mirror
d =
1
4
, (11)
PX=mirrore =
1
2
. (12)
Since all the above detection probabilities are independent of ϕ, the photon in this situation be-
haves like a particle: no quantum interference occurs at the second beam-splitter because the
photon’s which-path information is always disclosed. Namely, if De clicks then the photon must
have traveled along path a and if De does not click then it must have traveled along path b (i.e.,
in any case it is sure that the photon traveled only along one of the paths as a particle would do).
It is interesting to notice that when ϕ = 0 we have PX=nothingc = 0 (PX=nothingd = 1). The fact of
PX=mirrorc = 1/4 > 0 even when ϕ = 0 signals the presence of a mirror (or any absolutely absorb-
ing object) in path a, although the photon had not gone at all along that path. Such a phenomenon
was known in the literature as the interaction-free measurement that provides a method to “de-
tect” a dangerous absorbing object like a sensitive bomb without “touching” it [13]. The above
argumentation allows us to introduce the photon particle state∣∣ψparticle〉cd =− 1√2eiϕ (i |10〉cd + |01〉cd) (13)
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in terms of which
∣∣ψX=mirrorout 〉 is rewritten in the form∣∣ψX=mirrorout 〉= 1√2 (∣∣ψparticle〉cd |0〉e+ i |00〉cd |1〉e) . (14)
The above analysis clearly shows that, depending on the detection setup, the photon may
behave either as a particle (if a mirror is inserted) or a wave (if the mirror is removed). To observe
both wave-like and particle-like behaviors of the photon at the same time by a single experimental
setup we insert in path a a general beam-splitter, i.e., X = GBS. A general beam-splitter has
transmittance t, with 0≤ t ≤ 1. All the following formulae aim at the case with 0< t < 1. They are
however applicable to any t ∈ [0,1], thus covering the cases when X is nothing (t = 1) and when X
is a mirror (t = 0) as particular situations. The actions of a general beam-splitter on a photon state
read |01〉ab(cd)→ t |01〉ab(cd)+i
√
1− t2 |10〉ab(cd) and |10〉ab(cd)→ i
√
1− t2 |01〉ab(cd)+t |10〉ab(cd) .
By direct calculations we arrived at the following expression for the output state∣∣ψX=GBSout 〉= 12 [i(t− eiϕ) |10〉cd− (t+ eiϕ) |01〉cd] |0〉e+ i
√
1− t2√
2
|00〉cd |1〉e . (15)
The corresponding detection probabilities are then
PX=GBSc =
1
4
(1−2t cos(ϕ)+ t2), (16)
PX=GBSd =
1
4
(1+2t cos(ϕ)+ t2), (17)
PX=GBSe =
1
2
(1− t2). (18)
Making use of Eqs. (9) and (13) we can reexpress
∣∣ψX=GBSout 〉 in Eq. (15) as∣∣ψX=GBSout 〉= (t |ψwave〉cd + 1− t√2 ∣∣ψparticle〉cd
)
|0〉e+
i
√
1− t2√
2
|00〉cd |1〉e . (19)
Hence, with a probability of (1+ t2)/2 the photodetector De is silent and
∣∣ψX=GBSout 〉 collapses into
|ψw−p〉cd =
√
2√
1+ t2
(
t |ψwave〉cd +
1− t√
2
∣∣ψparticle〉cd) , (20)
which is transparently a wave-particle superposition state, i.e., both wave-like and particle-like
properties are exhibited simultaneously. The photon wave-particle behavior is also reflected in the
detection probabilities which can be seen by rewriting PX=GBSc(d) in terms of P
X=nothing
c(d) (see Eqs. (5)
and (6)) and PX=mirrorc(d) (see (11)):
PX=GBSc(d) = t
2PX=nothingc(d) +(1− t)2PX=mirrorc(d) +4t(1− t)PX=nothingc(d) PX=mirrorc(d) . (21)
In the right-hand-side of Eq. (21) the first term is due to the contribution of the wave nature of
the photon, the second term is due to the contribution of the particle nature, while the last term
describes their quantum interference which occurs for 0 < t < 1. The dependences of PX=GBSc(d) on
t and ϕ are displayed in Fig. 2, showing clearly the particle-like (wave-like) behavior at t = 0
(t = 1) and the continuous morphing from the particle-like (wave-like) to the wave-like (particle-
like) behavior as t gradually varies from 0 (1) to 1 (0). The special result that PX=GBSc > 0 when
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0 < t < 1 even for ϕ = 0 is significant. Transparently, it gives rise to a possibility of “detecting”
a partially absorptive object (i.e., an object which partially transmits and partially absorbs the
input signal) without “touching” it. Conventionally, the method to detect a fully absorptive object
(i.e., an object which 100% absorbs and never transmits any input signal) without the need of
sending a signal through it was discovered in Ref. [13] and commonly referred to in the literature
as the “interaction-free measurement” method. Therefore, the possibility of “detecting” a partially
absorptive object without “touching” it (as described above) widdens the applicability of the well-
known “interaction-free measurement” method [13] in which the to-be-detected object must be
fully absorptive.
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Fig. 2. Pc(d) = PX=GBSc(d) as a function of t and ϕ . For t = 0 (t = 1) the photon behaves
as a particle (wave), but for 0 < t < 1 it manifests itself as a particle and a wave at the
same time. A continuous morphing between the two extreme behaviors happens when t
is being swept from 0 to 1 or vice versa.
We now turn to the case when two photons are injected to the device, one into path a and
the other into path b leaving path e empty. The input state is
|Ψin〉= |11〉ab |0〉e . (22)
If X is nothing the output state can be derived as∣∣∣ΨX=nothingout 〉= |Ψwave〉cd |0〉e , (23)
where
|Ψwave〉cd =
1√
2
eiϕ
[
sinϕ (|02〉cd−|20〉cd)+
√
2cosϕ |11〉cd
]
(24)
denotes the two-photon wave state since the detection probabilities are ϕ-dependent. Namely,
let PX=nothingklm be the probability that the detectors Dc, Dd and De register k, l and m photons,
respectively, then
PX=nothing020 = P
X=nothing
200 =
sin2ϕ
2
, (25)
PX=nothing110 = cos
2ϕ, (26)
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which exhibit interference patterns.
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Fig. 3. P110(020) = PX=GBS110(020) as a function of t and ϕ . For t = 0 (t = 1) the two photons
behave as particles (waves), but for 0 < t < 1 they show up as particle-like and wave-like
at the same time. A continuous morphing between the two extreme behaviors happens
when t is being swept from 0 to 1 or vice versa.
If X is a mirror the output state can be derived as∣∣ΨX=mirrorout 〉=− i√2 |00〉cd |2〉e− i2√2e2iϕ
(
|02〉cd + i
√
2 |11〉cd−|20〉cd
)
|0〉e . (27)
The concerned detection probabilities are
PX=mirror020 = P
X=mirror
200 =
1
8
, (28)
PX=mirror110 =
1
4
, (29)
PX=mirror002 =
1
2
, (30)
which are independent of ϕ, exhibiting the particle-like behavior. In case De does not click, which
happens with a probability of 1/2, the state before Dc and Dd collapses into∣∣Ψparticle〉cd = 12e2iϕ(|02〉cd + i√2 |11〉cd−|20〉cd), (31)
and
∣∣ΨX=mirrorout 〉 can be reformulated in the form∣∣ΨX=mirrorout 〉=− i√2(∣∣Ψparticle〉cd |0〉e+ |00〉cd |2〉e). (32)
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If X is a general beam splitter the output state can be derived as∣∣ΨX=GBSout 〉 = 12 (t2+ e2iϕ) |11〉cd |0〉e+ i2√2 (t2− e2iϕ)(|02〉cd−|20〉cd) |0〉e
+t
√
1− t2
2
(|01〉cd− i |10〉cd) |1〉e−
i√
2
(
1− t2) |00〉cd |2〉e , (33)
leading to
PX=GBS020 = P
X=GBS
200 =
1
8
[1−2t2 cos(2ϕ)+ t4], (34)
PX=GBS110 =
1
4
[1+2t2 cos(2ϕ)+ t4], (35)
PX=GBS011 = P
X=GBS
101 =
1
2
t2
(
1− t2) , (36)
PX=GBS002 =
1
2
(
1− t2)2 . (37)
In case De does not click, which happens with a probability of (1+ t4)/2, the state
∣∣ΨX=GBSout 〉
collapses into
|Ψw−p〉cd =
1
2
√
1
1+ t4
[√
2
(
t2+ e2iϕ
) |11〉cd
+ i
(
t2− e2iϕ)(|02〉cd−|20〉cd] (38)
and
∣∣ΨX=GBSout 〉 can be represented as∣∣ΨX=GBSout 〉 = √1+ t4√2 |Ψw−p〉cd |0〉e
+t
√
1− t2
2
(|01〉cd− i |10〉cd) |1〉e
− i√
2
(
1− t2) |00〉cd |2〉e . (39)
The fact that the state (38) is a two-photon wave-particle superposition can be recognized by using
(24), (31) to decompose (38) as
|Ψw−p〉cd =
√
1
1+ t4
(
t2
√
2 |Ψwave〉cd− i
(
1− t2)∣∣Ψparticle〉cd) , (40)
as well as by using (25), (26) and (28), (29) to decompose (34), (35) as
PX=GBS020(200,110) = t
4PX=nothing020(200,110)+(1− t2)2PX=mirror020(200,110)
+4t2(1− t2)PX=nothing020(200,110)PX=mirror020(200,110). (41)
The probabilities PX=GBS020(200,110) as functions of t and ϕ are plotted in Fig. 3.
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III. ENTANGLEMENT-SEPARABILITY SUPERPOSITIONS
A multipartite quantum state may be either entangled or separable depending on the specific
setup which is used to prepare it. As was long thought, the setup that prepares an entangled
state and the setup that prepares a separable state mutually exclude each other and cannot be
performed simultaneously. Then, in every preparation run the quantum state definitely appears
either as entangled or as separable. In other words, the piece of information (“entanglement”
or “separability”) obtainable from such incompatible preparation processes are complementary,
similar to “particle” or “wave” properties. In what follows, we use the same single setup as
presented in the previous section with the same input state (22) to demonstrate that a tunable
superposition of “entanglement” and “separability” can be realized. For that purpose we set ϕ = 0
and are interested in the case when De is silent. If so, the total output state
∣∣ΨXout〉 collapses into∣∣ΨXout(ϕ = 0)〉cd |0〉e . Then, for X = nothing, ∣∣∣ΨX=nothingout (ϕ = 0)〉cd = ∣∣Ψseparable〉cd , with∣∣Ψseparable〉cd = |11〉cd , (42)
being a separable state. As for X = mirror, we get
∣∣ΨX=mirrorout (ϕ = 0)〉cd = ∣∣Ψentangled〉cd , with∣∣Ψentangled〉cd = 12(|02〉+ i√2 |11〉− |20〉)cd , (43)
being a bipartite entangled state. It is seen that the final two-photon state will with certainty
be either separable or entangled conditioned on the specific preparation setup (X = nothing or
X = mirror).
To realize a superposition of
∣∣Ψseparable〉cd and ∣∣Ψentangled〉cd by a single setup, we set
X = GBS, in which case we obtain
∣∣ΨX=GBSout (ϕ = 0)〉cd = |Ψs−e〉cd , with
|Ψs−e〉cd =
√
1
1+ t4
(
t2
√
2
∣∣Ψseparable〉cd− i(1− t2)∣∣Ψen tangled〉cd) . (44)
The state (44) is actually an entanglement-separability superposition. Note that the entanglement
amount contained in state
∣∣Ψentangled〉cd is fixed, whereas the entanglement amount contained in
state |Ψs−e〉cd is tunable by varying the value of t. To make it clearer let us assess the entanglement
amount using the so-called entropy of entanglement, which for an arbitrary bipartite state |Φ〉cd is
defined by
EoE (|Φ〉cd) =−
2
∑
j=0
λ j log2(λ j), (45)
with λ j being the eigenvalues of the reduced density matrix ρ = Trc |Φ〉cd 〈Φ| = Trd |Φ〉cd 〈Φ| .
For |Φ〉cd = |Ψs−e〉cd , it is easy to calculate the concerned eigenvalues whose explicit expressions
in terms of t are
λ0 =
1
4
(1− t2)2
(1+ t4)
, (46)
λ1 =
1
2
(1+ t2)2
(1+ t4)
, (47)
and
λ2 = λ0. (48)
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Fig. 4. Entropy of entanglement EoE of |Ψs−e〉cd , Eq. (45), versus t. The entanglement
degree contained in |Ψs−e〉cd can be adjusted by choosing an appropriate value of t.
Figure 4 plots EoE (|Ψs−e〉cd) as a function of t. As it should be, for t = 0 the value of
EoE (|Ψs−e〉cd) coincides with EoE
(∣∣Ψentangled〉cd) = 1.5, while for t = 1 the value of
EoE (|Ψs−e〉cd) coincides with EoE
(∣∣Ψseparable〉cd) = 0. A desired amount of entanglement
between 0 and 1.5 can be obtained by adjusting the value of t.
IV. CONCLUSION
The long-standing complementarity principle needs be refined because two complementary
properties such as wave and particle or entanglement and separability can manifest themselves at
the same time in a single measuring configuration as confirmed by a number of famous modern
experiments [7–12]. We studied these experiments and found that they all mandatorily required (i)
ancillary qubits, (ii) controlled-Hadamard gates and (iii) measurement of the ancillas. To reduce
the overall cost as well as to facilitate the performance, we proposed simpler experimental setups
which are free from the three above-mentioned requirements. Ours are thus both economical and
less challenging technically since no additional quantum resources are necessary and only standard
optical elements such as beam-splitters, phase-shifters, mirrors and photodetectors are employed.
It is hoped that the setups presented here could be of certain interest for experimentalists.
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